DIFFUSION MODELS

1 DEEP UNSUPERVISED LEARNING USING NONEQUILIBRIUM
THERMODYNAMICS ( , )

1.1 IDEA

Create a generative Markov chain that transforms a simple distribution into the target distribution by
reversing a diffusion process. Some related work:

1. wake-sleep algorithm: train inference and generative model against each other

2. generative stochastic networks: train Markov kernel to match its equilibrium distribution
to data distribution

3. neural autoregressive distribution estimators

1.2 FORWARD PROCESS

Start from data distribution ¢(2(?)). Convert it into simple distribution (y). Forward sequence is
given by:
a(a V]2l =D) = T (@05 )

where the Markov diffusion kernel T (y|y’; 3) has:

w(w) = [ Ay Taoly's D)
and [ is the diffusion rate. Then the joint of whole forward sequence is:

a(2® D) = g )T gV

1.3 REVERSE PROCESS

Reverse distribution q(z(*~1)|z(®)) depends on whole process and cannot be easily estimated. We
train a generative model p(z(%-~7)). Start from prior:

pa®) = n(z)
and follow same trajectory as forward trajectory in opposite direction:

p(x(o...:r)) _ p(x(T))Hz.lep(z(tﬂ)|x(t))

1.3.1 OPTIMIZATION OBJECTIVE SETUP
Training amounts to maximizing data log likelihood:
L= Eq(w(o)) 1ogp(x(0))

The probability the generative model assigns to the data:

p(x(o)) Z/dx(l”'T)p(I(O”'T))

This is intractable as written above. Convert to an expectation over forward trajectories:
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The fraction above:
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1.3.2 OPTIMIZATION OBJECTIVE AND ELBO

OK so we wrote
L= Eq(z(o)) 1ng(],‘(0))
where (1) ()
0)y _ Tvr P@ P ]xt)
logp(x( )) = 10g Eq(w(l...T)‘I(o))p(.T( ))Ht=lm
Putting them together:

L p(at—Dz1)
q(z®[z(=1)
From Jensen we exchange the log and expectation above to get ELBO:
o Pt V)
q(z®]z(-D)

L= Eq(m(o)) IOg [Eq(mu,.,mzm))p(

L>E,log { (')

1.4 SIMPLIFYING ELBO

1.4.1 PEEL OFF p(z(T)) INTO CROSS-ENTROPY TERM

r (t—1)
_ (T[T p(z |17 )
K =E,log |p(z"“/)IL~ 1 @OD)

(Jf(t 1)|ﬂf ) (T)
:quog H W +E (z(T)) Ing( )
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1.4.2 WRITE LOG OF PRODUCT AS SUM OF LOGS AND KEEP FIRST TERM APART

p(z=D]z®) p(2(® (1)
_ ™)) (2T
K= § E log{ et 1))} + B, log q(:c(l)x(o))] H (a(2™), p(=™))

1.4.3 BAYES TO SIMPLIFY EACH TERM IN THE SUM FROMt =2 TO T
paVa®) _ platD]a) pa~V)e?) g Vja)
q(z0]ztD) ~ g(z®]zED, z0) ~ gzt D[z®, 2©0) ¢(z®]z®)

where we used that ¢ is Markovian to introduce the conditioning on z(°) because this will lead to
working with known gs that we can sample from and evaluate KL divergences with.

(D

1.4.4 DISREGARD EDGE EFFECT

For the £ = 1 term, we set the final step of the reverse trajectory to be identical to the corresponding

forward diffusion step:
(0)
)M — (V]2 TE)

© (Y7 .
p(z Dle )}1szero.

and now [, log { (@D ]z)

1.4.5 PUTTING EVERYTHING BACK TOGETHER

Going back to K it now looks like:

K = ZE log [ D0 20 @[ 0) —H(q(x ) p(x ))
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1.4.6 IDENTIFY MORE ENTROPY TERMS

Terms in second sum above:

q(a’:(t_l) |$(O))

— (t=1) 1,0y _ (#)14(0)
]Eq IOg |: q(x(t) ‘(E(O)) :| - Eq log Q(‘r ‘LL’ ) Eq log Q(w |.7J )
= —Hy(a" ) + Hy(z®|)

So the second sum above telescopes and K looks like:

T -1
K=Y E,log plaDat) )y (@ M)2©) - H,(zWV]z©@) - H (q(z(T)) p(x(T)))
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1.4.7 IDENTIFY KL DIVERGENCE TERMS

Terms in remaining sum above:

p(x(t_l) ‘x(t))
B, os | K0

} = —E,DxL (q(m<t—1>|x<t>7$<o>)|p($<t—1>|x<t>)>
1.4.8 FINAL ELBO OBJECTIVE

T
K = =3 E,Da (gl je®, 2 ®)p(az1)) o
t=2

+ Hy(@D[a) = Hy(@V]a®) ~ H (™). p())
Note that the entropies can be analytically computed, and the KL divergence can be analytically

computed given z(?) and z(*).

1.5 MODEL

As aforementioned we learn the generative reverse process p(z(*~1) \x(t)). Kolmogorov forward and
backward equations show that for many forward diffusion processes, the reverse diffusion processes
can be described using the same functional form.

Consider gaussian diffusion for continuous data and binomial diffusion for discrete data. Below we
review setup for each following the table in appendix.

Prior 7 for generative model:

1. gaussian diffusion: m = N(0,1)

2. binomial case: 7 = B(0.5)

Diffusion kernels (forward markov transitions):

1. gaussian diffusion: q(z¢|zi—1) = N (245 /1 — Brxi—1, Bel)
2. binomial case: q(z¢|xi—1) = B(as; xi—1(1 — B¢) +0.58;)

Reverse diffusion kernel:

1. gaussian diffusion: p(@;_1|z;) = N (ze—1; fu(xe, t), fu (2, 1))
2. binomial case: p(x¢—1|z:) = B(xi—1; fo(xs,t))

Training targets:

1. gaussian diffusion: noise schedule f3;, reverse diffusion parameters f,(z,t), fs(z+,t))

2. binomial case: reverse diffusion parameters f (¢, t)



2 DENOISING DIFFUSION PROBABILISTIC MODELS ( , )

2.1 OVERVIEW

This paper was the first to show diffusion models actually are capable of generating high quality sam-
ples. They only consider gaussian diffusion and introduce a weighted variational bound designed
according to a novel connection between diffusion probabilistic models and denoising score match-
ing with Langevin dynamics. Models naturally admit a progressive lossy decompression scheme
that can be interpreted as a generalization of autoregressive decoding. The downside is majority of
models’ lossless codelengths describe imperceptible image details and they do not have competitive
log likelihoods compared to other likelihood-based models.

2.2 NICE PROPERTIES

They explain some of the nice things we can do because we assumed the forward Markov Chain has
Gaussian transitions. Forward transitions are:

q(zy|zi—1) = N(2e:\/1 = Brag—1, Bed)
Introduce notation:

ap=1-75

= Tt
o =1l

2.2.1 SAMPLE FROM FORWARD PROCESS

Forward transitions can also be written as:

xy=/1—Bxi_1 + \/Ezt—l

with z;_1 o« N (0, 1). Using notation above:
T = Jorri—1 + V1 — aza
= oy [mxt—Q + mzt—Q} + V1 —azi1
= Joara_12i— + V1 — apze1 + /oy — apo_12-2

= Joou_1xi_o + /1 —agoy_125_o
R :\/O_étl'0+\/1—0_[tz

We have merged all the additive Gaussian noise throughout the forward process and can write the
distribution of x; as:

q(z¢|zo) = N (2 Vauzo, (1 — ay)I)

2.2.2 TRACTABLE FORWARD PROCESS POSTERIORS (CONDITIONED ON z()

Using Bayes we see forward process posteriors are tractable when conditioned on zg:

q(xi—1|ze, 20) = N (2113 fir (21, T0), Be])

where
NG Vo (l — ay_
(24, w0) = L iﬁtﬂco+ o — 1)mt 3)
].*th 1*0[)5
and
~ 1—ay_
Bt = lif,lﬂt
— &y

This is why in Eq. 1 we introduced the conditioning on x.



2.3 LOSS FUNCTION

They also use the ELBO in Eq. 2 but do not drop the edge effect term and work with:
T
K ==Y ED (g2, pa D))
=2

(0)],.(1)
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T
K == 3 EDia (gD e, 2 p(a =V [20) ) + B, log plal V)
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+ Hy (@) ~ Hy@V[2) = H (oo™), pa™)) - B, log g(a® )

Since: i) Hy(xV]2®) = —E,log¢(zM|2()) and ii) Hy(«]2) — H (q(«™)), p(a™))) =
—Dxr. (q(z™|2©)|p(z()) the above simplifies to:
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2.4 MODEL SETUP

Reverse process has same functional form and we parameterize it as
p(@e-1lz) = N(24; po(we, 1), Xo (24, 1)) “)

1. fixed noise schedule: linearly increasing constants from 3; = 10~ to B = 0.02

2. fixed reverse process covariance matrices Yg(x,t) = o071

2.5 REPARAMETERIZATION
Look at L, = Dy (q(z(*=Y l2®), 2O |p(z=1) \x(t))):
Ly = —DgL <q(x(t*1)‘x(t)’x(O))|p(x(t71)|x(t))>

1
— B, |goalinCor,0) — oo, ] +€

The most straightforward parameterization of uy is a model that predicts fi; , the forward process
posterior mean. We’ve seen in section 2.2.1

—_

Ty = Vuxy+ V1 — e = 9= —— (mt—\/l—@te)

o

N

with € oc N'(0,T). Using this expression for zo and writing out jz from Eq. 3 we have

po(Te,t) = fiy (ﬂfta \/%(It - MQ(%))) = \/lat (l“t - \/%60(%’0) )]



It is more advantageous in practice to parameterize the noise eg(z¢, t) with a deepnet. The loss term:

B —eg(x 2
e o mn]

Lig=F, |— >t
=1 o, {ZUtzat(l—at

2
=E,.) . {ﬂtﬂe —eo(vVagxo + V1 — o_zte,t)Hz}

20t2at(1 — dt)

2.6 EDGE TERM

All the images x; for ¢ € [1,...,T] have pixel values in [—1,1]. Set the last term of the reverse
process to an independent discrete decoder.

2.7 SIMPLIFIED TRAINING OBJECTIVE

L=Eyy.eq[lle — co(varzo + VI — e, t)|°]

For ¢ > 1 this re-weights terms from above, and for ¢ = 1 this approximates L, by ignoring edge
effects and o07.

2.8 EXPERIMENTAL DETAILS
* T = 1000
» forward process variances are constants increasing linearly from 3; = 10~% to 87 = 0.02
* architecture is U-net with parameters shared across time and self-attention.

* time is specified with sinusoidal position embedding

2.9 EXPERIMENTAL RESULTS
Loss function ablation:

* training on the true variational bound yields better codelengths

* simplified objective yields the best sample quality

Parameterizarion: predicting e performs approximately as well as predicting & when trained on the
variational bound with fixed variances, but much better when trained with simplified objective.

Learning reverse process variances leads to unstable training and poorer sample quality.
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